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ABSTRACT 
HYDRAULIC GEOMETRY AND LOW STREAMFLOW REGIMEN 
U n i t  s t ream power de f i ned  as the  t ime  r a t e  o f  p o t e n t i a l  energy expend i tu re  
p e r  u n i t  we igh t  o f  water  o f  a n a t u r a l  s t ream has been s t u d i e d  i n t e n s i v e l y  i n  
t h i s  r epo r t .  I t  i s  shown t h a t  the  d i s t r i b u t i o n  and v a r i a t i o n  o f  u n i t  stream 
power have a determinate e f f e c t  on t he  behav io r  o f  a n a t u r a l  stream. The u n i t  
s t ream power can be regu la ted  by a stream through t he  combined process o f  
meandering, forming pools  and r i f f l e s ,  and c a r v i n g  a concave l o n g i t u d i n a l  stream 
bed p r o f i l e .  A s tudy o f  t he  Kaskaskia R i ve r  bas in  shows t h a t  s i n u o s i t y  
increases i n  t he  downstream d i  r e c t i o n  by meandering. F i e l d  measurements made 
a lonq  t he  Middle Fork Ve rm i l i on  R i ve r  i n d i c a t e  t h a t  u n i t  s t ream power can be 
min imized by t he  fo rmat ion  o f  pools  and r i f f l e s .  The hydrau l  i c  geometry--uni t 
stream power equat ions developed f o r  9 r i v e r  bas ins i n  t he  Un i t ed  S ta tes  show 
t h a t  un - i t  stream power i n  a r i v e r  bas in  decreases w i t h  i nc reas ing  frequency 
o f  f l o w  and dra inage area. These r e s u l t s  a r e  evidence o f  d i f f e r e n t  l e v e l s  o f  
s e l f  adjustment made by a n a t u r a l  s t ream t o  min imize i t s  u n i t  stream power i n  
accordance w i t h  t he  law o f  l e a s t  t ime r a t e  o f  energy expend i tu re .  The ca lcu-  
l a t e d  dimensionless d i s p e r s i o n  c o e f f i c i e n t s  a t  11 gaging s t a t i o n s  i n  t he  
-- 
Kaskaskia R i ve r  Bas in  show t h a t  the  c o e f f i c i e n t s  inc rease  w i t h  i nc reas ing  
width-depth r a t i o .  
REFERENCE: S t a l l ,  John B . ,  and Yang, Chih Ted, HYDRAULIC GEOMETRY AND LOW 
STREAMFLOW REGIMEN, U n i v e r s i t y  o f  I l l i n o i s  Water Resources Center Research 
Report No. 54. 
KEY WORDS: channels,  d i spe rs i on ,  energy, h y d r a u l i c  geometry, meanders, poo ls ,  
r i f f l e s ,  stream systems, u n i t  stream power 
CONTENTS Page 
. . . . . . . . . . . . . . . . . . . . . . . . . .  Summary 
I n t r o d u c t i o n  . . . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . .  L i t e r a t u r e  review 
T ime-o f - t rave l  under r i f f l e - a n d - p o o l  c o n d i t i o n s  . . .  
. . . . . . . . . . . . . . . . . . . . . .  Ob jec t i ves  
. . . . . . . . . . . . . . . . . . .  Acknowledgments 
. . . . . . . . . . . . .  The concept o f  u n i t  stream power 
. . . . . . . .  P o t e n t i a l  energy and stream morphology 
. . . . . . . . . . .  Long i t ud ina l  stream bed p r o f i l e  
. . . . . . . . . . . . . . . . . . . .  R ive r  meanders 
. . . . . . . . . . . . . . . . . .  R i f f l e s  and pools  
. . . . . . . . . . . . . . . . . . . . . .  Bed forms 
. . . .  The h e i  ra  rchy o f  un i t s t  ream power adjustments 
. . . . . . . . . . . . . . . . . . . .  F i e l d  measurements 
. . . . . . . . . . . . . . . . . . .  Data c o l l e c t i o n  
. . . . . . . . . . . . . . . . . . . . . . .  Resul ts  
. . . . . . . . . . . .  The s t r u c t u r e  o f  pools  and r i f f l e s  
T h e t e s t r e a c h  . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . .  Mapping methods 
. . . . . . . . . . . . . . . . . . . . . . .  Resul ts  
. . . . . . . . . . . . . . . . . . . . .  Stream s i n u o s i t y  
. . . . . . . . . . . . . . . . . . . .  The t e s t  area 
. . . . . . . . . . . . . . . . . . . . . . .  Methods 
. . . . . . . . . . . . . . . . . . . . . . .  Resul ts  
. . . . .  .. H y d r a u l i c  geometry u n i t  stream power equat ions 
. . . . . . . . . . . . . . . . .  R ive r  cu rva tu re  and shape 
. . . . . . . . . . . . . . . . . . .  Dispers ion  i n  streams 
. . . . . . . . . . . . . . . . . . . . . . . .  Concl us i on 
. . . . . . . . . . . . . . . .  Usefulness o f  r e s u l t s  
. . . . . . . . . . . . . . . . . . . . . . . .  References 

HYDRAULIC GEOMETRY AND LOW STREAMFLOW REGIMEN 
by John B. S t a l l  and Chih Ted Yang 
SUMMARY 
Resu l ts  o f  an i n v e s t i g a t i o n  o f  ( u n i t  s t ream power) de f i ned  as t he  
t ime r a t e  o f  p o t e n t i a l  energy expend i tu re  p e r  u n i t  weight  o f  water  o f  
a n a t u r a l  stream, a r e  presented i n  t h i s  r e p o r t .  Theo re t i ca l  s t ud ies  
and f i e l d  i n v e s t i g a t i o n s  i n d i c a t e  t h a t  the  d i s t r i b u t i o n  and v a r i a t i o n  
o f  u n i t  stream power have a determinate e f f e c t  on t he  behav io r  o f  a 
n a t u r a l  stream. There fo re  u n i t  s t ream power can be regu la ted  by a 
s t ream through t he  combined process o f  meandering, forming pools  and 
r i f f l e s ,  and ca rv i ng  a concave l o n g i t u d i n a l  stream bed p r o f i l e .  
Hydraul  i c geometry--uni t stream power equat ions a r e  presented 
f o r  9 r i v e r  bas ins i n  t he  Un i t ed  S ta tes .  These equat ions show t h a t  
u n i t  s t ream power i n  a r i v e r  bas in  decreases w i t h  i nc reas ing  frequency 
o f  f l o w  and dra inage area. 
I t  i s  t he  purpose o f  t h i s  r e p o r t  t o  p rov ide  a b e t t e r  understanding 
o f  t he  na tu re  o f  stream systems w i t h  spec ia l  emphasis on the  p r i n c i p l e s  
o f  h y d r a u l i c  geometry. Other aspects  o f  t h i s  s tudy  i nc l ude  s i n u o u s i t y ,  
poo ls  and r i f f l e s ,  and d i s p e r s i o n  o f  a contaminant.  
INTRODUCTION 
Since 1895 t he  l l l i n o i s  S ta te  Water Survey has c a r r i e d  o u t  a f u l l  t ime 
program o f  research and e v a l u a t i o n  o f  the  wate r  resources o f  I1 1 i n o i s  i n c l u d i n g  
t he  q u a n t i t y  and q u a l i t y  o f  bo th  sur face waters and groundwaters. The p r o j e c t  
r epo r ted  here  i s  a p a r t  o f  t h i s  research and eva lua t i on .  I n  1972 t he re  were i n  
I1 1 i n o i  s about 160 cont inuous- record  permanent s t  ream gaging s t a t  ions  i n  opera- 
t i o n  i n  I l l i n o i s .  These gages a r e  opera ted  by the  U.S. Geolog ica l  Survey on a 
matching-funds bas i s  i n  which h a l f  o f  t he  cos t  i s  p a i d  by s t a t e  o r  l o c a l  sponsor- 
i n g  agencies.  The data from these gaging s t a t i o n s  have been used e x t e n s i v e l y  i n  
s o l v i n g  wate r  resources problems i n  I l l i n o i s ,  and some o f  these da ta  a r e  used i n  
t h i s  s tudy.  
L i t e r a t u r e  Review 
An e v a l u a t i o n  o f  t he  h y d r a u l i c  geometry o f  I l l i n o i s  streams was made i n  a 
s tudy by S t a l l  and Fok (1968). That s tudy eva lua ted  a c o n s i s t e n t  p a t t e r n  i n  
which the  w id th ,  depth, and v e l o c i t y  o f  f low i n  a stream change a long  t he  course 
wi t h  a cons tan t  f requency o f  discharge. These channel c h a r a c t e r i s t i c s  , termed 
h y d r a u l i c  geometry, were shown t o  c o n s t i t u t e  an in terdependent  system which was 
descr ibed  by a s e r i e s  o f  graphs and equat ions.  I n  a l a t e r  s tudy by S t a l l  and 
Yang (1970) s i m i l a r  se ts  o f  equations were prov ided f o r  12 selected r i v e r  basins 
throughout the Uni ted States.  These basins represented a much greater  v a r i e t y  
o f  phys ica l  cond i t ions  than the  I l l i n o i s  study. For a l l  o f  these basins, 
however, the cons is ten t  pa t te rns  o f  hydraul i c  geometry were v e r i f i e d  and 
equat ions were publ ished. 
The concept o f  h y d r a u l i c  geometry was f i r s t  publ ished by Leopold and 
Maddock (1953) . They suggested t h a t  channel c h a r a c t e r i s t i c s  o f  na tu ra l  s t  reams 
were i n t e r r e l a t e d  i n  a complex manner, and showed how the  na ture  o f  a p a r t i c u l a r  
r i v e r  system could be described q u a n t i t a t i v e l y .  They f i r s t  described t h i s  i n t e r -  
re la ted  system as the  hydraul i c  geometry o f  the  stream system. S t a l l  and Fok 
(1968) and S t a l l  and Yang (1970) confirmed these general re la t i onsh ips  and 
fo l lowed the  general p r i n c i p l e s  f i r s t  suggested by Leopold and Maddock. 
The nature  and dynamics o f  a stream system have been described i n  a h i g h l y  
readable book by Mori sawa (1 968) . A genera 1 d e s c r i p t i o n  o f  channel condi t i o n s  
i n  major a l l u v i a l  r i v e r s  has been prov ided by Fenwick (1969), and an e x c e l l e n t  
d e s c r i p t i o n  o f  the h y d r a u l i c  cond i t ions  i n  na tura l  streams has been w r i t t e n  by 
Posey (1950) . A most thorough treatment o f  the  hydraul i cs o f  open channel f l ow  has 
been prov ided by Chow (1959). A new book on the  hydraul i c s  o f  sediment t ranspor t  
by Graf (1971) provides much in fo rmat ion  on f l ow  cond i t ions  i n  channels. 
According t o  S t a l l  and Fok (1968) Stream v e l o c i t i e s  computed from hydraul i c  
geometry equations)checked favorably w i t h  ac tua l  stream v e l o c i t i e s  measured by 
t ime-o f - t rave l  i n  streams determined by us ing dye t race rs .  These equat ions a r e  
used t o  compute the  average depth and v e l o c i t y  o f  f l ow  a t  problem loca t i ons  on a 
stream where no measurements are  ava i l ab le .  The v e l o c i t v  eauaticm was used t o  
p r e d i c t  t he - t ime-o f - t rave l  f o r  a1 1 p r i n c i p a l  1 1  1 i n o i s  streams ( s t a l l  and 
Hiestand, 1969). For t h a t  p a r t i c u l a r  study, t ime-o f - t rave l  graphs were presented 
f o r  41 reaches o f  streams i n  I l l i n o i s  showing the  computed t r a v e l  times a t  high, 
medium, and low f low cond i t ions  represent ing the f low occu r r i ng  a t  a frequency 
o f  10, 50, and 90 percent o f  the days per  year. The computed t r a v e l  t imes a re  
most r e l i a b l e  a t  h igh  f lows,  becoming less so a t  d im in i sh ing  f l ow  ra tes .  
Time-of-Travel under R i  f f  le-and-Pool Condi t ions 
The d ispers ion  o f  a contaminant w i t h i n  a stream i s  known t o  be associated 
w i t h  the  stream hydrau l ics .  Whenever a dye o r  contaminant i s  in t roduced i n t o  a 
stream i n  a r e l a t i v e l y  s o l i d  dose / i t  i s  immediately sub jec t  t o  the turbulence i n  
the stream caused by the  various v e l o c i t i e s  present i n  the stream. As a conse- 
quence the contaminant i s  mixed o r  dispersed t o  some degree. I t  i s  we1 1 known 
t h a t  throughout the cross sec t ion  o f  a stream there  i s  considerable v a r i a t i o n  
i n  the  f low v e l o c i t y .  A small element o f  the  stream f low a t  the top o f  the 
stream near the center  has a considerably h igher  v e l o c i t y  than t h a t  which occurs 
deeper i n  the s t  ream, near the stream bed, o r  a t  the s ides along the stream 
banks. This  d i f f e r e n c e  means t h a t  the  dve o r  contaminant w i l l  be c a r r i e d  
downstream by the f a s t e s t  moving element o f  the water a n d ~ t - _ t h e  same t ime w i l l  
begin t o  be d & q ~ r n f i t  the cross sect ion.  
-- 
A f t e r  a pe r iod  o f  t ime the 
dye w i l l  be c a r r i e d  by a l l  elements o f  the stream water.  This process o f  d i s -  
pers ion w i l l  be discussed l a t e r  i n  t h i s  repor t .  
The (measured t ime-of- t  ravel  a t  low f low rates) i s  o f t e n  much longer than t h a t  
computed b y t i * u a t i o n s . f l o w s  the  w m k e l d  back by the  pools and 
r i  f f  les  when they e x i s t  i n a s t  ream bed. This phenomenon i; -imrrmT 
__I 
f i g u r e  1 . The t h r e e  s o l  i d  curves show the  computed t i  mes-of- t  rave l  based on 
hydraul  i c  geometry a t  f l o w  ra tes  o f  high flows ( those  f lows  exceeded 10 percen t  
o f  t he  days each year ,  F = 0.10) and f o r  mediwn flows ( f l ows  exceeded 50 percen t  
o f  t he  days each year ,  F = 0.50).  The uppermost cu rve  i n  f i g u r e  1  shows t he  
t ime-o f - t rave l  computed a t  Zow flows - ( f l ows  exceeded 2 0  p e r c e m  o f  t he  days 
each year ,  F = 0.90).  
I n  November 1967, a  dye s tudy was made a t  a  high  fZow r a t e  f o r  t he  reach 
o f  t he  Ve rm i l i on  R i ve r  f r o m 2 t r e a t o r  t o  t he  mouth.  he t i m e - o f - t r a v e l  as 
measured by t he  dye s tudy was one day. As shown i n  f i g u r e  1  t h i s  checks f a i r l y  
we1 1 w i t h  t he  computed t i m e - o f - t r a v e l  through t h i s  reach o f  about 0.8 day. 
Another dye run was made through t h i s  same reach o f  r i v e r  i n  zeptember 1967, a t  
a  Zow flow r a t e .  The measured t i m e - o f - t r a v e l  ( f i g u r e  1) through t h i s  30-mi le 
reach o f  s t ream was about 19 days, and t he  computed t i m e - o f - t r a v e l  about 4 days. 
Thus, t he  measured t ime -o f - t r ave l  was a lmost  f i v e  t imes g r e a t e r  -- -than the  computed 
t i m e - o f - t r a v e l  based on hydrau l  i c  geometry. (A number o f  o t h e r  s im i  l a r  s t u d i e f i  
i n d i c a t e d  t h a t  the  computed t imes -o f - t r ave l  were reasonable a t  medi um and h i g h  
f l o w  ra tes  b u t  a t  low f lows  were cons ide rab l y  lower  than the  measured t imes-o f -  
t r a v e l .  
E a r l i e r  s t ud ies  ( s t a l l  and Fok, 1968) showed t h a t  t he  h y d r a u l i c  geometry 
r e l a t i o n s  were s t r onges t  a t  t he  h i g h  f lows ,  and were c o n s i s t e n t  a t  medium f lows .  
(The s t r u c t u r e  o f  the  s t ream bed a t  va r i ous  f l ow  c o n d i t i o n s ) i s  shown i n  
f i g u r e  2. F i gu re  2A shows rep resen ta t i ve  c ross  sec t i ons  f o r  the- 
a t  a  l o c a t i o n  hav ing a  dra inage area o f  100 square m i l es ,  and based on t he  
hydrau l  i c  geometry r e s u l t s  pub1 ished e a r l i e r  by  S t a l l  and Fok (1968). A t  t he  
high flow regimen o r  b a n k - f u l l ,  shown a t  t he  l e f t ,  t he  mean depth i s  3.2 f e e t .  
The d ischarge,  c ross -sec t i ona l  area,  w i d t h ,  and v e l o c i t y  a r e  a l s o  shown. 
S i m i l a r  i n f o r m a t i o n  i s  g iven  f o r  t he  med;wn flow and Zow flow regimens. F i gu re  
2B shows c ross -sec t i ona l  views o f  t he  t h r e e  f low c o n d i t i o n s  i n  which s l ope  o f  
t he  channel i s  S = 0.00081.  o or t he  h i g h  f l ow  regimen the  depth,  D = 3.2 f e e t ,  
and v a r i a t i o n s  i n  t h e  channel bed have l i t t l e  e f f e c t  on t he  t o t a l  h y d r a u l i c s  o f  
f low.  For t he  medium f l ow  regimen D = 0.89 f e e t ,  and i r r e g u l a r i t i e s  i n  t he  
s t ream bed have some, b u t  n o t  c r u c i a l ,  e f f e c t  on f l o w  c o n d i t i o n s .  For t he  low 
f low regimen, D = 0.25 f e e t  o r  3  inches, which i s  an average depth. Because o f  
v a r i a b i l i t i e s  i n  the  stream bed, the  f low i s  a l t e r n a t i v e l y  h e l d  back i n  poo ls ,  
and then f lows through c o n t r o l  sec t i ons  a l t e r n a t i v e l y .  Th is  c o n d i t i o n  p rov ides  
a  much longer  t o t a l  t ime -o f - t r ave l  through t he  stream reach than would occur  
under s t r i c t l y  un i f o rm  h y d r a u l i c  cond i t i ons ,  as genera l i zed  by h y d r a u l i c  geometry. 
F i gu re  2C shows a  view o f  t he  a c t u a l  f l o w  c o n d i t i o n  a t  t he  Zow flow regimen 
where t he  i r r e g u l  a r i  t i e s  o f  t he  channel bed complete ly  govern f l o w  condi  t i o n s  . 
Flow through t he  reach i s  a  summation o f  f l o w  through a  s e r i e s  o f  poo ls  and 
r i f f l e s  o r  o t h e r  c o n t r o l  zones. The f r i c t i o n  losses through t he  poo ls  a r e  
n e g l i g i b l e ,  f l ow  v e l o c i t i e s  a r e  very  low, and t h e , t i m e - o f - t r a v e l  o f  a  contaminant, 
can be delay-ed f o r  a  g r e a t  l eng th  o f  t ime.  The p r i n c i p a l  head loss  o f  t h e  wate r  
-
f l o w  through t h i s  e n t i r e  stream reach occurs i n  t he  r i f f l e  reaches where v e l o c i t y  
i s  r e l a t i v e l y  h i g h  and h y d r a u l i c  c o n d i t i o n s  a r e  complete ly  d i f f e r e n t  f rom t h a t  
i n  t he  poo l s .  
F i gu re  3 i l l u s t r a t e s  the  presence o f  pools  and r i f f l e s  i n  I l l i n o i s  streams 
and shows t he  type  o f  f l o w  c o n d i t i o n  i n  which they occur .  
MEASURED TIME-OF-TRAVEL BY 
COMPUTED TIME-OF-TRAVEL 
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Figure 1. Computed and measured time-o f- trave 2 








FLOW FREQUENCY, F = 1 0  pe rcen t  of F = 5 0  pe rcen t  o f  F = 9 0  pe rcen t  o f  J 
days pe r  yea r  days pe r  y e a r  days per  y e a r  
DISCHARGE, Q = 1 5 7  c f s  Q = 1 5  c f s  Q = 1 . 4  c f s  
CROSS-SECTIONAL AREA, A = 1 2 2  sq f t  A = 1 9  sq f t  A = 3 .1  sq f t  
WIDTH, W = 3 8  f t  W = 2 2  f t  W = 1 2 . 5  f t  
MEAN DEPTH, D = 3 . 2  f t  D = 0 . 8 9  f t  D = 0 . 2 5  f t  
MEAN VELOCITY, V = 1 . 3  f p s  V = 0 . 7 8  f p s  V = 0 . 4 7  f ps  
( B )  
CHANNEL SLOPE, 
S = 4 . 3  f t  pe r  mile S = 0 . 0 0 0 8 1  
o r  S = 0 . 0 0 0 8 1  
( C )  
Figure 2.  Hydraulic data and flow regimen a t  high, medium, and 
low flows, representing a ZOO-square-mile watershed 
i n  the Kaskaskia River basin 
Figure 3.  Sugar Creek near Hartsburg showing a 
poo l i n  background. In foreground are r i f f l e s  
and bars formed around natural obstructions 
( tree trunks). 
Object ives 
I n  e a r l  i e r  research repor ted by S t a l l  and Yang (1970) t h e o r e t i c a l  work was 
c a r r i e d  ou t  t o  develop a b e t t e r  understanding o f  the(tota1 energy o f  a r i v e r  
sys tem) and the fash ion  i n which the r i v e r  sys tem u t  i 1 i zes t h  i s  energy t o  carve 
the  stream system. Two bas ic  laws were suggested which governed t h i s  energy 
cyc le .  The f i  r s t  was the (law o f  average s t  ream fa1 1) which was shown t o  govern 
the s t r u c t u r e  o f  a stream system and the shape o f  the r i v e r  e q u i l i b r i u m  p r o f i l e ;  
the second was the (law o f  l e a s t  t ime r a t e  o f  energy expend1 tu re)  Fur ther  
t h e o r e t i c a l  research has suggested t h a t  t h i s  second law governing the r a t e  o f  
expendi ture o f  stream energy i s  important i n  exp la in ing  many fundamental r e l a -  
t ions invo lved i n  stream systems. The present research i s  o r i e n t e d  toward the 
f u r t h e r  development and r e v e l a t i o n  o f  t h i s  o r d e r l y  p a t t e r n  o f  energy expenditure 
through which the s t  ream carves i t s  system. 
The ob jec t i ves  o f  t h i s  research p r o j e c t  a re  1 )  t o  explore the var ious 
aspects o f  the s t r u c t u r e  of stream systems e s p e c i a l l y  a t  low f lows, as described, 
and t o  determine whether there  i s  evidence t h a t  t h i s  s t r u c t u r e  i s  i n  accord w i t h  
the law o f  l e a s t  t ime ra te  o f  energy expenditure, 2) t o  explore the phenomenon 
o f  r i v e r  curva ture  and t o  see i f  i t  i s  r e l a t e d  t o  stream order  and shape f a c t o r ,  
and 3) t o  r e l a t e  the  d ispers ion  c h a r a c t e r i s t i c s  o f  a stream t o  h y d r a u l i c  
geometry f a c t o r s .  
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THE CONCEPT OF UNIT STREAM POWER 
Po ten t  i a1 Energy and S t  ream Morphology 
The (concept o f  e n t  ropy>was i n t  roduced t o  t he  eva 1 ua t i on o f  s t  ream morphol - 
ogy by Leopold and Langbein (1962). Scheidegger (1964) showed the  ex i s tence  o f  
t he  b a s i c  analogy between abso lu te  temperature o f  a thermal system and e l e v a t i o n  
o f  a s t ream system. By us ing  the  analogy t h a t  the  abso lu te  temperature and 
thermal energy i n  a thermal system i s  equ i va len t  t o  t he  e l e v a t i o n  and p o t e n t i a l  
energy i n  a stream system, Yang (1971a) de r i ved  two b a s i c  laws i n  stream mor- 
phology. The law o f taverage  stream f a l l  t a t e s  t h a t  f o r  any r i v e r  bas in  t h a t  P 
has reached i t s  dynamic e q u i l i b r i u m  c o n d i t i o n ,  t he  r a t i o  o f  t he  average f a l l  
between any two d i f f e r e n t  o rder  streams i n  t h e  same r i v e r  bas in  i s  u n i t y .  The 
('1 aw of  l e a s t  t ime r a t e  o f  energy expendi ture)s  t a t e s  t h a t  du r i ng  t h e  e v o l u t i o n  
toward i t s  e q u i l i b r i u m  c o n d i t i o n ,  a  n a t u r a l  stream chooses i t s  course o f  f l o w  i n  
such a  manner t h a t  the  t ime r a t e  o f  p o t e n t i a l  energy expend i tu re  pe r  u n i t  mass 
o r  we igh t  o f  wa te r  a long  t h i s  course i s  a  minimum. Th is  minimum va lue  depends 
on the  e x t e r n a l  c o n s t r a i n t s  appl  i e d  t o  t he  stream. The law o f  average stream 
fa1 1 was used by S t a l l  and Yang (1970), Yang (1971a), and Yang and S t a l l  (1971) 
f o r  t he  c a l c u l a t i o n  o f  e q u i l i b r i u m  st ream bed p r o f i l e s .  The present  r e p o r t  
exp lo res  the  f u r t h e r  c o n f i  rmat ion o f  the  law o f  l e a s t  t ime r a t e  o f  energy expen- 
d i  t u r e .  
Long i t ud ina l  Stream Bed P r o f i l e  
The u n i t  s t ream power was f i r s t  de f i ned  by Yang (1972) as t he  t ime r a t e  o f  
p o t e n t i a l  energy expend i tu re  pe r  u n i t  we igh t  o f  wa te r  i n  a  n a t u r a l  stream. Th is  
u n i t  s t ream power can be expressed mathematical  l y  i n  terms o f  average water  
v e l o c i t y  V  and energy s lope  S  by 
i n  which Y i s  t he  e l e v a t i o n  above a  datum which a l s o  equals the  p o t e n t i a l  energy 
pe r  u n i t  we igh t  o f  wa te r  above a  datum, x i s  t he  l o n g i t u d i n a l  d is tance ,  and t 
i s  t ime.  For steady un i f o rm  f low,  the  energy s lope  can be rep laced by t he  water  
su r f ace  s lope  w i t h o u t  i n t r o d u c i n g  much e r r o r .  I t  was exp la i ned  by Yang (1971b) 
t h a t  the  law o f  l e a s t  t ime r a t e  o f  energy expend i tu re  requ i res  a  s t ream t o  m in i -  
mize i t s  u n i t  stream power i n  t he  downstream d i r e c t i o n  whenever i t  i s  pe rm i t t ed  
by i t s  environment,  and t h a t  i t  must have a  ze ro  va lue  a t  sea. Th is  can be 
expressed mathemat ica l l y  by t a k i n g  t he  d e r i v a t i v e  o f  u n i t  stream power VS w i t h  
respect  t o  t he  downstream d is tance  x and s e t t i n g  i t  equal t o  zero. Th i s  i s ,  
ds dv + v - = 0 (2) - (vs) = s 
O O I  2 dx 
Resul ts  o f  prev ious s tud ies  per -  
formed by S t a l l  and Yang (1970) and 
- S t a l l  and Fok (1968) i n d i c a t e  t h a t  
the  v e l o c i t y  o f  stream f l o w  gene ra l l y  
increases i n  the downstream d i  r e c t i o n .  
YANG'S THEORETICAL PROFILE I n  o rde r  t o  s a t i s f y  equa t ion  2, a  
& ACTUAL PROFILE p o s i t i v e  va lue  o f  dV/dx must be ac- 
ALONG THE MAIN STEM companied by a  nega t i ve  va lue  o f  
Y A N G ' S  EQUILIBRIUM PROFILE &/&. The requirement t h a t  t he  
2 0  I I channel s lope  decrease i n  the  down- 
0 6 0  1 2 0  1 8 0  2 4 0  
HORIZONTAL DISTANCE I N  M I L E S  300 s t r e a m d i r e c t i o n a s  a g e n e r a l  r u l e  
exp la i ns  why t he  l o n g i t u d i n a l  stream 
F i g u r e  4. Long i tud inaZ s t ream bed p r o f  i 1 e  shoul d  be concave as 
b e d  p r o f i l e  fo r  t h e  shown f o r  t he  B i g  Sandy R i ve r  i n  
B i g  Sandy River,  Kentucky Kentucky ( f i g u r e  4 ) .  
b) Z I G Z A G  CHANNEL 
Figure 5 .  Unbraided chunne 2 patterns 
R i ve r Meanders 
The reason t h a t  a  r i v e r  meanders has been t r a d i t i o n a l l y  a t t r i b u t e d  t o  such 
f a c t o r s  as t h e  r o t a t i o n  o f  t h e  e a r t h ,  max imiza t ion  o r  m i n i m i z a t i o n  o f  energy 
loss ,  l o c a l  d is tu rbances ,  bank e ros ion ,  and t he  ex i s tence  o f  sediment. Most o f  
these t h e o r i e s  and hypotheses emphasize some spec ia l  phenomenon observed i n  
meandering channels and they neg lec t  the b a s i c  p h y s i c a l  reasoning which c rea tes  
t he  meanders. A  rev iew made by Yang (1971b) o f  t h e  impor tan t  s t ream morpholog ic  
t h e o r i e s  and hypotheses pub l i shed  be fo re  1971 i n d i c a t e s  t h a t  none p rov ides  a  
s a t i s f a c t o r y  exp lana t i on  t o  t he  f o rma t i on  o f  meandering streams. He then used 
the law o f  l e a s t  t ime r a t e  o f  energy expend i t u re  t o  e x p l a i n  t h e  fo rmat ion  and 
behav io r  o f  a  meandering r i v e r .  
An unbra ided channel may f o l  low one o f  t h e  t h ree  courses, s t r a i g h t ,  z igzag,  
o r  meandering, as shown i n  f i g u r e  5 .  As was shown by Yang (1971a), f o r  t h e  reach 
AB w i t h  a  f i x e d  f a l l  Y, t o  min imize the  u n i t  stream power t h e  stream should 
inc rease  i t s  l eng th .  Because a  s t r a i g h t  channel has t he  s h o r t e s t  l eng th  f o r  a  
f i x e d  f a l l ,  t he  u n i t  stream power f o r  the  s t r a i g h t  chbnnel i s  t he  l a r g e s t  among 
a l l  the  p o s s i b l e  courses. Thus, p e r f e c t l y  s t r a i g h t  streams a lmost  never e x i s t  
i n  na tu re .  I t  may be p o s s i b l e  f o r  t h e  z igzag  channel o r  meandering channel t o  
p r o v i d e  t he  same u n i t  stream power f o r  t h e  reach AB. However, because t he  law 
o f  l e a s t  t ime r a t e  o f  energy expend i tu re  i s  v a l i d  n o t  o n l y  f o r  t h e  stream system 
as a  whole, b u t  a l s o  a t  each p o i n t  a l ong  t he  course o f  f l ow ,  i t  i s  u n l i k e l y  t h a t  
any o f  t he  s t r a i g h t  subreaches AC, CD,  DE, EF, and FB would e x i s t .  There fo re ,  
the  o n l y  p o s s i b l e  s t a b l e  unbra ided channel p a t t e r n  which can e x i s t  i n  na tu re  
i s  t he  meandering channel . 
The law o f  l e a s t  t ime r a t e  o f  energy expend i t u re  can be a p p l i e d  t o  channels 
w i t h  o r  w i t h o u t  t he  presence o f  sediment. Th is  law can a l s o  enable an explana- 
t i o n  o f  t he  v a r i a t i o n  o f  meandering channel c h a r a c t e r i s t i c s  caused by the  v a r i -  
a t i o n s  o f  wa te r  d ischarge,  sediment concen t ra t i on ,  channel s lope,  channel geom- 
e t r y ,  v a l l e y  s lope,  geo log i ca l  c o n s t r a i n t s ,  and so f o r t h .  Readers who a r e  
i n t e r e s t e d  i n  knowing these i n t e r r e l a t i o n s h i p s  should r e f e r  t o  Yang's (1971b) 
o r i g i n a l  paper. 
R i f f l e s  and Pools 
As t h e  f o rma t i on  o f  r i f f l e s  and poo ls  i s  r e l a t e d  t o  t h e - u n i t  s t ream power, 
they were rede f i ned  by Yang ( 1 9 7 1 ~ )  accord ing  t o  the; r energy o r  wa te r  sur face 
s lopes.  I n  a  complete c y c l e  o f  a  p o o l - r i f f l e  sequence, the  r i f f l e  i s  def ined 
as t h e  p o r t i o n  t h a t  has an energy g r a d i e n t  s teeper  than  t h e  average energy 
g r a d i e n t  o f  the  complete c y c l e ,  whereas 
t he  pool  i s  t he  p o r t i o n  t h a t  has an 
energy g r a d i e n t  m i l d e r  than t he  c y c l e  
average. 
Consider a  u n i t  mass o f  water  f l ow -  
i ng  i n  an open channel f rom A t o  C i n  
f i g u r e  6. Th i s  u n i t  mass o f  wa te r  may 
f o l l o w  a  u n i f o r m  s l ope  ADC o r  a  s e t  o f  
b r o k e n s l o p e s A B a n d B C .  I n e i t h e r  
case the  t o t a l  h o r i z o n t a l  d i s t ance  
t r a v e l e d  i s  X, and t he  t o t a l  v e r t i c a l  
f a l l  i s  Y. Suppose a  u n i t  mass o f  wa- 
t e r  takes a  m i l d e r  s l ope  AB f o r  a  d i s -  
tance X1 and then f o l l o w s  a  s teeper  
s l ope  B C  f o r  ano ther  d i s t ance  X2. 
P o i n t  B  may move up and down a long  EF. 
I t can be shown ma themat i c a l l  y  (Yang 
1 9 7 1 ~ )  t h a t  t he  pa th  ADC i s  t he  pa th  
o f  maximum u n i t  s t ream power. Accord- 
i n g  t o  t he  law o f  l e a s t  t ime  r a t e  o f  
energy expend i tu re ,  a  s t ream w i l l  
choose a  pa th  AB and BC i ns tead  o f  the  
pa th  ADC, which has a  un i f o rm  s lope .  
Accord ing t o  o u r  d e f i n i t i o n s ,  t he  reach 
AB i s  a  poo l ,  and BC i s  a  r i f f l e .  Th i s  
p rov ides  an exp lana t i on  o f  t he  b a s i c  
reason a  n a t u r a l  s t ream forms a  poo l -  
r i f f l e  sequence. 
I n  an i d e a l  case o f  r eg iona l  u n i -  
form f l ow ,  t h e  d i f f e r e n t  g r a i n  s i z e s  
o f  t he  bed m a t e r i a l  should  be even ly  
d i s t r i b u t e d ,  and t he  bed su r f ace  should  
be para1 l e l  t o  t he  wa te r  su r f ace  i n  
each reg ion  as shown i n  f i g u r e  7a. 
Yang ( 1 9 7 1 ~ )  exp la i ned  t he  a c t u a l  form- 
i n g  Drocess o f  r i f f l e s  and pools  as a  
combi ned process o f  d i  spers i on  -and 
s o r t i n q ;  the  a c t u a l  bed i s  con- 
cave a t  t he  pool  and convex a t  t he  r i f -  
f l e  as shown i n  f i g u r e  7b. The g rave l  
p a r t i c l e s  a r e  concen t ra ted  a t  the  r i f -  
f l e  where l a r g e r  p a r t i c l e s  a r e  near  
t he  su r f ace  o f  t he  a l l u v i a l  bed and 
smal l e r  p a r t i c l e s  a re  b u r i e d  deeper. 
."  
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Figure 6 .  Alternative paths o f  a 
stream i n  the  ve r t i ca l  plane 
along i t s  thalweg 
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Figure 7 .  Schematic diagram of  t he  
wa'ter surface and bed pro f i l e s  
for a t yp ica l  pool-z$ffle sequence 

Bed Forms 
As has been exp la ined ,  a  n a t u r a l  s t ream seldom f o l l o w s  a  s t r a i g h t  course i n  
e i t h e r  t he  l a t e r a l  o r  the  v e r t i c a l  d i r e c t i o n .  The l a t e r a l  d e v i a t i o n  o f  a  stream 
f rom a  s t r a i g h t  course r e s u l t s  i n  a  meandering course. The v e r t i c a l  d e v i a t i o n  
g e n e r a l l y  r e s u l t s  i n  a  concave l o n g i t u d i n a l  stream bed p r o f i l e  w i t h  undu la t i ng  
deeps and shal lows,  which a r e  u s u a l l y  c a l l e d  pools  and r i f f l e s .  For a  very  
s h o r t  reach, a  stream may be cons idered as a  s t r a i g h t  w i t h o u t  v a r i a t i o n  i n  s lope.  
More o f t e n  than n o t  i t  i s  found t h a t  va r i ous  bed forms, such as r i f f l e s ,  dunes, 
ant idunes,  e t c . ,  e x i s t  under t h i s  c o n d i t i o n .  The importance o f  these bed forms 
t o  the(bed roughness)and(resistance t o  f low)  has been- s t u d i e d  i n t e n s i v e l y  by 
Simons and Richardson ( 1 9 r a m o n g  o the rs .  These bed forms a re  impor tan t  t o  
t he  res i s tance  t o  f l ow  which i n  t u r n  determines t he  r a t e  o f  energy expend i tu re .  
Consequently, i t  seems t h a t  these bed forms p l a y  an impor tant  r o l e  i n  r e g u l a t i n g  
t he  u n i t  stream power. I t  appears t h a t  t he  f o rma t i on  o f  va r lous  bed forms a long  
an a l l u v i a l  stream bed may be t he  f i r s t  s t ep  i n  r e g u l a t i n g  t he  u n i t  stream power. 
The He i r a  rchy o f  Un i t S t  ream Power Adjustments 
I n  v iew o f  t h e  fo rego ing  evidence, i t  can be concluded t h a t  t he  law o f  
l e a s t  t ime r a t e  o f  energy expend i tu re  i s  t he  b a s i c  law which g o v e r n s ~ f l u v i a l  
processes). The h e i  rarchy o f  l e v e l s  through which a  stream system can a d j u s t  
i t s e l f  t o  min imize t he  t ime r a t e  o f  p o t e n t i a l  energy expendi t u r e  per  u n i t  weight  
o f  wa te r ,  t h a t  i s  t he  u n i t  stream power, inc ludes :  
1 s t  l e v e l  - t he  stream increases -- ~ bed roughness .~ ~ .-.- by b u i l d i n g  va r i ous  bed 
forms, such as dune -.. and ant idune.  -.--- 
2nd l e v e l  - t he  stream c rea tes  bed undu la t ions  which depar t  f rom a  un i f o rm  
bed s l ope  t o  form r i f f l e s  and pools .  
3 rd  l e v e l  - t he  stream a t t acks  i t s  banks t o  c r e a t e  meanders i n  t he  course 
o f  t he  stream. 
4 th  l e v e l  - t he  stream carves a  l o n g i t u d i n a l  stream bed p r o f i L e w h i c h  has 
a  s lope  i n  every  reach ad jus ted  t o  p r o v i d e  minimum u n i t  stream power throughout  
t he  e n t  i r e  s t  ream system. 
Depending on t he  s t ream's environment,  these f o u r  l e v e l s  o f  se l f -ad jus tment  
may occur  i n d i v i d u a l l y  o r  i n  any combinat ion. 
FIELD MEASUREMENTS 
Data C o l l e c t i o n  
I n  o r d e r  t o  make ac tua l  measurements o f  f l o w  c o n d i t i o n s  i n  a  p o o l - a n d - r i f f l e  
channel, a  t e s t  reach was se lec ted .  I t  i s  l oca ted  on the Middle Fork Ve rm i l i on  -- - 
R i  ve r near Oakwood, --- j u s t  downstream f rom the  1 -74 h  i g h w a y w  
=8 - fo r ^KPm1 i n o i s  streams.) The t o t a l  l eng th  o f  t he  t e s t  reach i s  3360 f ee t  
and t he  dra inage area i s  420 square m i l es .  There a r e  t h r e e  r i f f l e s  and two pools  
w i t h i n  t h i s  reach as shown on t he  f i e l d  survey map made on August 5, 1971 ( f i g u r e  
9 ) .  
Three measurements o f  water d i s -  
charge and water sur face p r o f  i l e  were 
made. Two o f  these were on August 5 
and November 10, 1971, when 16 cross 
sec t ions  a long t h i s  t e s t  reach were 
surveyed. Locat ions o f  these cross 
sect ions a r e  shown on f i g u r e  9. The 
average v e l o c i t y  and- 
- 
value a t  each cross sec t i on  were com- 
p u t e d  from the  measured d & a ~ . '  
c ross-sec t iona l  area, average water 
depth, and water sur face slope. Dis- 
charge and sur face p r o f  i l e  measurements 
were made again on March 31,  1972, bu t  
the cross sec t ions  were no t  surveyed 
because o f  the  hazardous h igh  f low.  
I t  was assumed t h a t  the cross sect ions 
on March 31 d i d  no t  change s i g n i f i c a n t -  
l y  from those on November 10. 
The bed and water sur face p r o f i  les  
a long the  thalweg o f  the t e s t  reach 
are  shown i n  f i g u r e  10. The reach 
between sec t  i on  44-45 and 36-37, which 
has two complete p o o l - r i f f l e  se r i es ,  
was used t o  c a l c u l a t e  the  v e l o c i t y ,  
I I  n I I  value, and t ime-o f - t rave l  i n  each 
sub reach. 
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Resul t s  
The ac tua l  procedures o f  computa- 
t i o n  a re  shown by the f o l l o w i n g  equa- 
t i o n s ,  and the  complete r e s u l t s ( f o r  .the 
low f1ow)conditions are shown i n  t a b l e  
1 .  The mean w id th  o f  the  stream f o r  the 
e n t i r e  reach can be ca l cu la ted  by i n d i -  
v i dua l  w id ths ,  as shown i n  t a b l e  1 ,  as 
The e f f e c t i v e  Manninq rouqhness coef- 
f i c i e n t  i s  
The average slope i s  
Figure 9. Map of test reach of the ~ i d d Z e  3 = = 0  000695 
Fork VermiZion River near Oakwood C xi 
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Figure 10. Bed and water surface profi les for the t e s t  reach of the 
Middle Fork Vermilion River near Oakwood for three flow conditions 
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The mean depth o f  an equivalent na tu ra l  channel w i thou t  pools and r i f f l e s ,  bu t  
w i t h  the  same wid th ,  average slope, and e f f e c t i v e  roughness o f  the t e s t  reach 
wou 1 d  be 
- 
D = [  Q n 4 . 5  = 0.70 f e e t  1.49 Y S  
The mean v e l o c i t y  through such an ~ q u i v a l e n t  channel would be 
- 5 2/3 5 = 0.55 f e e t  per  second v = -  
- 
The t ime-o f - t rave l  through such an equivalent channel would be 
--..- _.__l.._ll 
"u- C xi T = - -  
- - 4536 seconds 
v 
For the r i f f l e - a n d - p o o l  sec t ion  o f  the  t e s t  reach on the  Vermi l ion  River ,  then, 
the  t ime r a t e  o f  p o t e n t i a l  energy expendi ture per  u n i t  weight o f  water through 
pools and r i f f l e s  i s  
- -  A' - 0.000282 foot-pounds per  pound per  second 
C Ti 
Table 1 .  C a l c u l a t i o n  o f  U n i t  Stream Power from F i e l d  Observat ions a t  Low Flow, 
M idd le  Fork Ve rm i l i on  R iver  near  Oakwood, November 10, 1971 
(Q = 18.85 c f s ,  3' = 0.80, Drainage Area Ad = 420 sq mi)  
E f f e c t i v e  
Water Manning Time-of- 
Cross Average Average Average Average sur face Reach roughness t r a v e l  
sec t i on  area w id th  deeth v e l o c i t y  e l e v a t i o n  l eng th  Slope c o e f f i c i e n t  t h r u  reach 
and Ai W. D .  V .  Y .  xi 'i n. reach 
d e s c r i p t i o n  (sq ft) (ft) (ft) (fps) (ft) (ft) (sac) 
----- - -- - -
pool 
40 - 41 
pool 
26 - 27 
9 - 1 0 5  
r l  f f l e  / 
pool 
34 - 35 
Tota ls  
Tab le 2. C a l c u l a t i o n  o f  U n i t  Stream Power f rom F i e l d  Observat ions a t  Medium 
Flow, M idd le  Fork Ve rm i l i on  R i ve r  near Oakwood, August 5, 1971 
(4 = 43.64 c f s ,  F = 0.60, Drainage Area Ad = 420 sq mi)  
E f f e c t i v e  
Water Manning Time-of- 
Cross Average Average Average Average sur face Reach roughness t r a v e l  
s e c t i o n  area w id th  deeth v e l o c i t y  e l e v a t i o n  l eng th  Slope c o e f f i c i e n t  t h r u  reach 
and Ai W .  D .  V .  Y. X. 'i n. 
reach 
Ti 
d e s c r i p t i o n  ( sq  ft) (ft) (ft) (fps) (ft) (ft) (sac) 
_ -  
44 - 45 104.345 
poo l 69.25 59.9 1 . I 6  0 .63 
42 - 43 104.350 
pool 92.50 74.7 1.24 0.47 
40 - 41 104.550 
pool 83.70 68.4 1.22 0.52 
26 - 27 104.610 
pool 61.30 48.6 1.26 0.71 
28 - 29 104.905 
r i f f l e  37.10 43.0 0.86 1.18 
9 - I 0  105.300 
r i f f l e  23.80 44.6 0.53 1.83 
30 - 31 105.660 
poo l 55.20 51.6 1.07 0.79 
32 - 33 105.775 
pool 76.10 49.8 1.53 0 .57 
34 - 15 105.785 
poo l 50.40 4 3 3  1.17 0.87 
7 -  8 105.885 
r i f f l e  38.50 48.2 0.80 1.13 
36 - 37 106.105 
Tota ls  
Table 3. C a l c u l a t i o n  o f  U n i t  Stream Power f rom F i e l d  Observat ions a t  High 
Flow, M idd le  Fork Vermi 1 i on  R i ve r  near Oakwood, March 31, 1972 
(Q = 681.00 c f s ,  F = 0.15, Drainage Area A = 420 sq m i )  d 
E f f e c t i v e  
Water  Mannina Time-of- 
-.. 
Average Average Average Average s u r f a c e  Reach roughness t r a v e l  
area - width  deeth v e l o c i t y  e l e v a t i o n  length  Slope c o e f f L c i e n t  thru  reach 
A; w; D; "i xi n. T .  
Cross 
s e c t i o n  ( s q f t )  ( f t )  ( f t )  (as) ( f t )  ( f t )  (see)  
- - - - - - - 
217.60  110.5 1.97 3.13 30 
36 - 37 108.330 
T o t a l s  2495 
Here AY i s  t he  t o t a l  fa1 1 through t h i s  reach, which equals 0.735 f o o t .  For t he  
un i f o rm  n a t u r a l  channel cons idered equivalent t o  the  t e s t  reach, b u t  no t  hav ing  
poo ls  and r i f f l e s ,  the  u n i t  stream power i s  
AY 
- - = 0.000382 foot-pounds pe r  pound per  second 
rn 
(1 0) 
Th is  a l s o  equals t he  product  which can be computed f rom equat ions 5 and 7. 
Wi th  the  r e s u l t s  o f  equat ions 9 and 10 i t  i s  p o s s i b l e  t o  compute the  d i f f e r e n c e  
i n  the  u n i t  s t ream power o f  t he  p o o l - a n d - r i f f l e  s e c t i o n  and an equ i va len t  un i form 
stream channel as 
Reduct ion = 0'000382 - 0'000282 X 100 percent  = 26.2 percen t  0.000382 (1 1) 
Th i s  r educ t i on  i l l u s t r a t e s  t he  f a c t  t h a t  t he  a c t u a l  t ime r a t e  o f  p o t e n t i a l  
energy expend i tu re  per  u n i t  we igh t  o f  wa te r  through the  p o o l - a n d - r i f f l e  s e c t i o n  
o f  t h i s  s t ream i s  26.2 percen t  l ess  than the  r a t e  a t  which t h i s  energy would be 
expended i n  f l o w i n g  through an equivalent n a t u r a l  channel o f  un i f o rm  cross sec- 
t i o n  w i t h o u t  poo ls  and r i f f l e s .  Th is  i s  based on t h e  f i e l d  measurements de- 
sc r i bed .  Th is  f i e l d  i n f o r m a t i o n  seems t o  be a c o n f i r m a t i o n  o f  the law o f  l e a s t  
t ime r a t e  o f  energy expend i tu re .  The r e s u l t s  suggest t h a t ,  by b u i l d i n g  the 
p o o l - a n d - r i f f l e  sequence, the  stream does accompl ish a reduc t i on  i n  the  t ime r a t e  
o f  expend i tu re  o f  i t s  p o t e n t i a l  energy. 
Table 2  g ives  s i m i l a r  c a l c u l a t i o n s  based on f i e l d  measurements taken 
August 5, 1971, a t  a  f l ow  frequency o f  F = 0.60, o r  d u r i n g  a  medium f l o w  cond i -  
t i o n .  Table 3  g i ves  c a l c u l a t i o n s  based on f i e l d  measurements taken on March 31, 
1972, a t  a  f l o w  frequency o f  F = 0.15, a  h i g h  f l o w  c o n d i t i o n .  For  t h i s  cond i -  
t i o n  t he  poo ls  and r i f f l e s  were obscured and t h e  wate r  su r f ace  p r o f i  l e  through 
t he  e n t i r e  t e s t  reach was v i r t u a l l y  s t r a i g h t ,  w i t h  u n i f o r m  s lope.  
Table 4. U n i t  Stream Power Resu l ts  f o r  Three Flow Cond i t ions ,  
M idd le  Fork Ve rm i l i on  R i ve r  near Oakwood 
U n i t  Stream Power 
(foot-pounds per pound per second) 
F 1 ow 
amount f requency 
through 
poo 1 s  
t h  rough 
un i form 
Q F and e q u i v a l e n t  reduc t  i o n  
( C ~ S  ( %  of days) r i f f l e s  channel % 
I n  t a b l e  4  t he  r e s u l t s  a r e  shown f o r  a l l  t h ree  o f  t he  f i e l d  measurements. 
A t  low and medium f lows  t he  u n i t  stream power was reduced by 26.2 and 23.3 
percen t ,  r e s p e c t i v e l y ,  by t he  presence o f  t he  poo ls  and r i f f l e s .  A t  the  h i g h  
f lows  t he  pools  and r i f f l e s  were obscured by t he  deep depth o f  wa te r  and had no 
e f f e c t  on t he  u n i t  stream power. Th is  r e s u l t  adds t o  t he  v a l i d i t y  o f  t he  
r e s u l t s  a t  low and medium f lows because i n  these cases an equivalent un i f o rm  
n a t u r a l  channel c o n d i t i o n  was used t o  compare w i t h  t he  p o o l - a n d - r i f f l e  c o n d i t i o n .  
The h i g h  f l o w  c o n d i t i o n  i l l u s t r a t e s  t h a t ,  f o r  t he  c o n d i t i o n  where r i f f l e s  and '  
poo ls  a r e  obscured o r  e f f e c t i v e l y  do no t  e x i s t ,  t he  u n i t  stream power can be 
reasonably computed by t he  methods used here. Th i s  i s  the  c o n d i t i o n  i n  un i f o rm  
n a t u r a l  channels.  Consequently t he  computed reduc t i on  i n  u n i t  stream power i n  
t he  pool  and r i f f l e  channel i s  a  v a l i d  r educ t i on  from t h a t  which would occur  
i n  t he  n a t u r a l  channel w i t h o u t  t he  poo ls  and r i f f l e s .  
Tables 1 ,  2, and 3  show t h a t  t he  wa te r  su r f ace  s lope  S i n  an equivalent 
n a t u r a l  channel i s  0.000695 f o r  t he  low f l o w  and 0.000705 f o r  medium f low.  Th i s  
i s  an ext remely  smal l  d i f f e r e n c e ;  t he  s lope i s  a lmost  t he  same f o r  bo th  condi -  
t i o n s .  The s lope  i s  o n l y  s l i g h t l y  h i ghe r ,  0.000814 f o r  t he  h i g h  f l ow .  The 
e f f e c t i v e  Manning roughness c o e f f i c i e n t  va lues shown i n  t ab les  1 ,  2, and 3  a r e  
h i g h l y  v a r i a b l e  which i l l u s t r a t e s  t he  wide range o f  t he  h y d r a u l i c  c o n d i t i o n s  
which a c t u a l l y  p r e v a i l  w i t h i n  t he  va r i ous  sec t ions  o f  a  p o o l - a n d - r i f f l e  channel.  
THE STRUCTURE OF POOLS AND RIFFLES 
As p a r t  o f  t h i s  f i e l d  s tudy a  reach o f  t he  Kaskaskia R i ve r  downstream from 
Vandal i a  (see f i g u r e  8) was se lec ted  as be ihg  rep resen ta t i ve  o f  t he  pool-and- 
r i f f l e  c o n d i t i o n  i n  combinat ion w i t h  excess ive meandering. A f i e l d  i nspec t i on  
t r i p  was made by boat  a long  a  6.7 m i l e  reach o f  t h e  s t ream on September 1 ,  1970. 
On t h a t  date the  f l o w  was Q = 47 c f s ,  a  f l o w  which has a  frequency o f  F = 0.89. 
A t  t h a t  t ime t he  stream bed cons i s ted  o f  a  s e r i e s  o f  pools  and r i f f l e s ,  and t r e e  
t runks  and o t h e r  deb r i s  caused n a t u r a l  o b s t r u c t i o n s  t o  t h e  stream f l ow .  I t  was 
noted t h a t  t he  stream took advantage o f  each n a t u r a l  o b s t r u c t i o n  t o  b u i l d  up a  
g rave l  ba r  and c rea te  a  r i f f l e  c o n d i t i o n .  
r The Tes t  Reach 
I n  o r d e r  t o  gene ra l i ze  t he  s t r u c t u r e ,  s i z e ,  and c o n f i g u r a t i o n  o f  poo ls  and 
r i f f l e s  a  s tudy was made o f  t he  Kaskaskia R i ve r  f o r  a  d i s t ance  o f  53 m i l e s  up- 
stream f rom Vandal i a .  High qua1 i t y  a e r i a l  photographs o f  t h i s  reach which were 
taken on September 16, 1953 were a v a i l a b l e .  On t h i s  da te  t he  f l o w  i n  t he  stream 
was Q = 22 c f s ,  which has a  f l o w  frequency o f  F = 0.97. These a e r i a l  photographs 
were taken by t he  U.S.  Department o f  A g r i c u l t u r e  and a  complete s e t  was a v a i l a b l e  
f rom the  Map L i b r a r y  o f  the  U n i v e r s i t y  o f  I1 1 i n o i s .  On these photographs the  
r i v e r  course was eas i  l y  d iscernab le ;  meanders and t he  pools  and r i f f l e s  c o u l d  
be seen r e a d i l y .  For t he  purpose o f  t h i s  s tudy a  spec ia l  s e t  o f  13 photographs 
hav ing  a  s c a l e  o f  8  inches t o  t h e  m i l e  was purchased. I nspec t i on  o f  these 
a e r i a l  photographs made i t  p o s s i b l e  t o  map the  l o c a t i o n  o f  a l l  o f  t he  r i f f l e s  
and poo ls  i n  t h i s  53-mi le  s e c t i o n  o f  the  Kaskaskia R i ve r  (see f i g u r e  11). For  
example, a  r i f f l e  c o n d i t i o n  i s  found between sec t i ons  1 1  and 12; a  pool  c o n d i t i o n  
i s  found between sec t i ons  12 and 13; a  r i f f l e  e x i s t s  between sec t i ons  13 and 14; 
and a  pool  e x i s t s  between sec t i ons  14 and 15, and so f o r t h .  
Mapp i ng Methods 
I n  i n s p e c t i n g  these a e r i a l  photographs i t  was necessary t o  u t i l i z e  cons id-  
e r a b l e  judgment i n  des igna t i ng  t he  r i f f l e  c o n d i t i o n  and t he  pool  c o n d i t i o n  
w i t h i n  t he  r i v e r .  L i g h t  r e f l e c t i o n  on t h e  wate r  su r f ace  was sometimes con fus ing ;  
b u t  i n  general  i t  was p o s s i b l e  t o  des ignate t he  a c t u a l  presence o f  a  r i f f l e  
c o n d i t i o n  as d i f f e r e n t i a t e d  from a  l i g h t  r e f l e c t i o n .  I t  was a l s o  found t h a t  t he  
w i d t h  o f  t h e  r i v e r  i n  t he  r i f f l e  s e c t i o n  cou ld  be measured f rom the  a e r i a l  photo- 
graph most a c c u r a t e l y .  Of ten  f o r  t he  pool  c o n d i t i o n  i t  was n o t  p o s s i b l e  t o  
o b t a i n  an accura te  measurement o f  t he  w i d t h  o f  t he  r i v e r  because o f  t he  presence 
o f  overhanging t r ees  and leaves which obscured t he  exac t  r i v e r  edge. 
C e r t a i n  o t h e r  mapping problems l i m i t e d  the  d e l i n e a t i o n  o f  pools  and r i f f l e s  
and caused some poo ls  and r i f f l e s  t o  be excluded f rom t h e  f i n a l  a n a l y s i s  o f  t h i s  
s tudy . 
F i  r s  t , those poo ls  which had more than one bend, such as t h e  reach between 
sec t i ons  6  and 7  i n  f i g u r e  1 1 ,  were n o t  inc luded  i n  t he  a n a l y s i s  because, accord- 
i n g  t o  Yang (1971c), t he  ex i s tence  o f  a  r i f f l e  depends on t h e  s tage o f  water .  A 
r i f f l e  may show up near  t h e  p o i n t  o f  i n f l e c t i o n  a long  t h e  course between sec t i ons  
6  and 7  a t  a  lower s tage.  Secondly, reaches which a r e  f a i r l y  s t r a i g h t ,  such as 
t he  reach between sec t i ons  20 and 23 were a l s o  excluded f rom a n a l y s i s  because a  
reasonable measurement o f  t he  l eng th  o f  r i f f l e  was imposs ib le .  Thus o n l y  those 
pools  such as 2  t o  3 and 4  t o  5  and t h e i r  immediate downstream r i f f l e s  1 t o  2  
and 3 t o  4  were inc luded  i n  t h i s  a n a l y s i s .  
sazJJy puw s~ood So uo?qwau?zap Bu?noys w?~wpuw~ utod ma~qsdn 
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Resul t s  
For t h i s  reach o f  the  Kaskaskia R i v e r  i t  was p o s s i b l e  t o  s e l e c t  143 p a i r s  
o f  pools  and r i f f l e s  which cou ld  be p r e c i s e l y  designated. As shown i n  f i g u r e  11, 
a l l  r i f f l e s  a r e  l oca ted  a t  o r  near  p o i n t s  o f  i n f l e c t i o n  a long the  sinuous course 
as they should accord ing  t o  Yang ( 1 9 7 1 ~ ) .  The r e l a t i v e  l eng th  and w i d t h  o f  t he  
s t  ream o f  these pools  and r i  f f  l e s  were measured and the  r e s u l t s  a r e  genera l  i zed  
i n  t a b l e  5. The pool  leng th  averaged 912 fee t  and the  s tandard d e v i a t i o n  among 
the  143 pools  s t u d i e d  amounted t o  516 f e e t  which i s  a  cons iderab le  v a r i a b i l i t y .  
The pool  leng th  i s  8.1 t imes the  r i f f l e  l eng th  and about 5.4 t imes the  
r i f f l e  w id th .  The r i f f l e  w i d t h  i s  cons idered t o  be t he  most v a l i d  measure o f  
t he  stream w i d t h  f rom a e r i a l  photographs. Th is  va lue  o f  5.4 seems t o  be compar- 
a b l e  t o  the  r e s u l t s  g iven  by Leopold, Wolman, and M i l l e r ,  (1964, p. 157) i n  which 
they s t a t e  t h a t  pool  lengths a r e  g e n e r a l l y  5  t o  7 t imes the  stream w id ths .  
Table 5. S t r u c t u r e  o f  143 P a i r s  o f  R i f f l e s  and Pools i n  a  
53-Mi l e  Reach o f  the  Kaskaskia R i ve r  near Vandal i a  
(Q = 22 c f s ,  F = 0.97) 
l tem 
-
Pool l eng th ,  f t  
R i f f l e  l eng th ,  f t  
Width,  f t  
P o o l / r i f f l e  l eng th ,  r a t i o  
Pool leng th /w id th ,  r a t i o  
R i f f l e  leng th /w id th ,  r a t i o  
Standard 
Mean d e v i a t i o n  
For t h i s  p a r t i c u l a r  reach o f  the  Kaskaskia R i ve r  i t  i s  f e l t  t h a t  the  r e s u l t s  
g i ven  i n  t a b l e  5  p resen t  a  v a l i d  measure o f  the  s t r u c t u r e  o f  poo ls  and r i f f l e s  
a t  the low f l o w  c o n d i t i o n .  Al though t h i s  i n f o r m a t i o n  i s  t o o  l i m i t e d  t o  a l l o w  
any g e n e r a l i z a t i o n ,  i t  does seem va luab le  as a s i n g l e  documentation o f  the  
s t r u c t u r e  o f  the  pool  and r i f f l e  c o n d i t i o n  f o r  a  r ep resen ta t i ve  I l l i n o i s  stream. 
STREAM S I NUOS I'TY 
As a stream meanders i t  develops a to r tuous  pa th  downst ream appa ren t l y  i n  
an e f f o r t  t o  decrease the  e f f e c t i v e  s lope  o f  the  stream bed by leng then ing  t he  
d i s tance  downstream. Many s c i e n t i s t s  have s tud ied  the  phenomenon o f  stream 
meandering as a c r i t i c a l  p a r t  o f  the s t r u c t u r e  and development o f  a  n a t u r a l  
stream system. I n  t h i s  research p r o j e c t  the e f f o r t  has been t o  determine 
whether o r  no t  the tendency o f  a  stream t o  meander f o l  lows a p r e d i c t a b l e  p a t t e r n  
which migh t  be used t o  shed understanding on the t o t a l  energy system o f  t h e  
stream. 
The degree o f  meandering o f  a  stream can be measured by i t s  s i n u o s i t y .  
Th i s  term was used by Schumm (1963) i n  c l a s s i f y i n g  r i v e r  channels and has a l s o  
been used by Leopold, Wolman, and M i  1 l e r  (1964) i n  e v a l u a t i n g  t he  tendency o f  
streams t o  meander. S i n u o s i t y  i s  de f ined  as be ing  t h e  t o t a l  l eng th  o f  t h e  
stream i n  m i l es  a long  i t s  meandering course d i v i d e d  by t he  down vaZZey distance 
i n  m i l es .  Thus s i n u o s i t y  i s  a  r a t i o  express ing  the  degree t o  which t he  stream 
has lengthened i t s  channel.  I n  an e a r l  i e r  s tudy  S t a l l  and Fok (1967) showed 
t h a t  the  s i n u o s i t y  o f  a  stream tended t o  be general  l y  r e l a t e d  t o  stream order .  
The Test Area 
The scope o f  t h e  s tudy o f  s i n u o s i t y  as a  p a r t  o f  t h i s  p r o j e c t  was t o  measure 
t he  s i n u o s i t y  o f  a  r ep resen ta t i ve  group o f  streams w i t h i n  a  stream channel system 
and t o  determine i f  these s i n u o s i t y  va lues were assoc ia ted  w i t h  stream o rde rs .  
I n  t h i s  way t he  tendency o f  t he  stream t o  meander c o u l d  be assoc ia ted  w i t h  t he  
general  p a t t e r n  o f  development o f  a  stream system. 
The s tudy was c a r r i e d  ou t  i n  t h e  Kaskaskia R i v e r  stream system (see f i g u r e  
8  f o r  l o c a t i o n ) .  S t a l l  and Fok (1968) showed t h a t  the  Kaskaskia R i ve r  f o l l owed  
t he  Hor ton-St  r a h l e r  laws s a t  i s f a c t o r i  l y  and t h a t  hydrau l  i c  geometry equat ions 
were v a l i d  t o  s p e c i f y  t h e  stream system. 
Methods 
W i t h i n  the  Kaskaskia R i v e r  bas in  s i n u o s i t y  was measured f o r  t he  h i ghe r  
o r d e r  streams from 7 th  o r d e r  down t o  4 t h  o rder .  For t he  lower Kaskaskia R i ve r  
( 7 th  o r d e r  stream) t he re  was s u f f i c i e n t  r e s o l u t i o n  o f  t he  meandered stream t o  
a l l o w  the  measurement o f  t h e  stream 
l eng th  a c c u r a t e l y  f rom a  s tandard USGS 
15-minute quadrangle map a t  a  s c a l e  o f  
1  inch  t o  1 m i l e .  F i gu re  12 shows t he  
course o f  t he  meandering r i v e r  and the  
manner i n  which s i n u o s i t y  was de te r -  
mined. The dashed l i n e  was drawn a r b i -  
t r a r i  l y  t o  represent  t he  genera l  down- 
s t ream course o f  t h e  meandering r i v e r  
and t o  measure t he  down vaZZey distance. 
a Here to fo re  no s p e c i f i c  d e s c r i p t i o n  has 
ii 
r+ been g i ven  o f  the  manner i n  which t h i s  
OWN VALLEY DISTANCE down v a l l e y  d i s tance  l i n e  i s  t o  be 
drawn . 
Figure 12. Map of a portion of the 
Kaskaskia River near New Athens 
showing the sinuous course of the 
r iver  and the arbitrary Zine drmn 
t o  measure the down vaZZey distance 
for computing sinuosity 
However, f o r  measuring t h e  course 
o f  t he  meandered r i v e r  f o r  stream seg- 
ments o f  6 t h  o r d e r  and lower i t  was 
f e l t  t h a t  the  degree o f  r e s o l u t i o n  
from the  s tandard USGS topograph ic  map 
d i d  n o t  p rov ide  t he  accuracy des i r ed  
f o r  t h i s  p r o j e c t .  I n  t h i s  case the  
meandered course o f  t h e  r i v e r  was 
measured by t he  use o f  a e r i a l  photo- 
graphs hav ing  a  sca le  o f  3.17 inches 
pe r  m i l e .  For  3 rd  o r d e r  streams, and 
i n  some o t h e r  l o c a t i o n s  on h i ghe r  o r d e r  
streams, i t  was d i f f i c u l t  t o  d i s c e r n  
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be d e s i r a b l e  i n  o r d e r  t o  f u r t h e r  document t he  tendency o f  s i n u o s i t y  t o  be 
r e l a t e d  t o  stream o rde r .  I f  t h i s  r e l a t i o n  i s  found t o  be s t a b l e  w i t h i n  many 
stream systems, perhaps i t  can then be general  i zed  as a f u n c t i o n  o f  stream o r d e r  
and be p r e d i c t a b l e  t o  some ex ten t .  Such a p r e d i c t a b i l i t y  would a i d  i n  the  
f u r t h e r  a n a l y s i s  and understanding o f  the  t o t a l  energy budget o f  stream systems. 
HYDRAULIC GEOMETRY--UNIT STREAM POWER EQUATIONS 
Because o f  t he  proven cons is tency o f  h y d r a u l i c  geometry r e l a t i o n s  w i t h i n  
stream systems and because o f  t he  seeming cons is tency o f  the  law o f  l e a s t  t ime 
r a t e  o f  energy expend i tu re  o f  a r i v e r  system, i t  seemed f e a s i b l e  t o  combine 
these two concepts i n t o  a new s e t  o f  h y d r a u l i c  geometry- -un i t  stream power 
equat ions,  which would represent  the  ac tua l  v a r i a t i o n  o f  u n i t  stream power 
t h  roughout a s t  ream sys tem. 
A p rev ious  s tudy by S t a l l  and Yang (1970) p rov ided  hydrau l  i c  geometry equa- 
t i o n s  f o r  12 r i v e r  bas ins i n  the  Un i t ed  S ta tes .  The general  r e l a t i o n s h i p  
between the  average v e l o c i t y  and dra inage area was shown t o  be 
where V i s  the  average v e l o c i t y  i n  f e e t  p e r  second, F i s  t he  f l o w  frequency, 
Ad i s  t he  dra inage area i n  square m i  l e s ,  and h, i, j a r e  constants .  
According t o  Hor ton (1945) the  law o f  stream s lopes i s  g iven  as f o l  lows 
where S i s  t he  average s lope  o f  the  u t h  o r d e r  stream i n  f e e t  p e r  m i  l e ,  U i s  t he  
s t ream o rde r ,  and a and b a r e  constants .  
I t  was shown by S t a l l  and Fok (1968) t h a t  t h e  r e l a t i o n  between stream o r d e r  
U and i t s  dra inage area Ad can be represented by 
where p and g a r e  cons tan ts .  
By combining equat ions 12, 13, and 14 we have t h e  express ion  
exp (a  + b p / q  + h + i ~ )  ( j  - 
5280 Ad 
where VS i s  the  u n i t  s t ream power i n  foot-pounds per  pound p e r  second, which i s  
de f i ned  as the t ime  r a t e  o f  p o t e n t i a l  energy expend i tu re  p e r  u n i t  we igh t  o f  wa te r  
f o r  a n a t u r a l  stream. 
Table 7. Constants f o r  Hyd rau l i c  Geometry -- U n i t  Stream Power 
Equat ions f o r  9  R iver  Systems o f  t h e  Un i t ed  States 












Merrimack, NH 7.17 0.96 0.59 -1.60 0.09 -0.85 1.27 
Susquehanna , NY 5.47 0.93 0.37 -1.57 0.14 0.28 1.43 
Roanoke, NC 4.92 0.74 -0.08 -0.88 0.13 -1.51 1.64 
B i g  Sandy, KY 6.48 0.89 -0.12 -1.90 0.22 -1.20 1.59 
White, IN 4.42 0.85 0.22 -1.60 0.11 0.78 1.45 
Sangamon, I L  3.23 0 . 6 2 - 1 . 0 1  -0.95 0.26 1.30 1.19 
Neches, TX 4.50 . 0.90 0.03 -1.04 0.04 0.26 1.33 
Colorado, CO 7.49 0.75 0.40 -1.66 0.16 -1.42 1.62 
Rogue, OR 6.90 0.75 0.30 -1.21 0.16 0.0 1.18 
Among t h e  12 bas ins s t u d i e d  by S t a l l  and Yang (1970) i t  was found t h a t  9  . 
f o l  lowed Ho r ton ' s  law o f  stream s lope  very  we1 1. For these 9 bas ins t he  con- 
s t a n t s  f o r  equa t i on  15 have been der ived  and a r e  l i s t e d  i n  t a b l e  7. These 
c o e f f i c i e n t s  were ob ta i ned  by determi n i n g  t h e  Hor ton parameters f rom USGS topo- 
g raph i c  maps cove r i ng  2 degrees o f  l a t i t u d e  and l ong i t ude ,  hav ing a sca le  o f  
about  4 m i l es  t o  t he  inch.  These a r e  t h e  o n l y  maps a v a i l a b l e  w i t h  a  common sca le  
f o r  a l l  t he  r i v e r  bas ins .  D i f f e r e n t  va lues o f  a a n d  p c a n  be ob ta ined  f o r  t h e  
same r i v e r  b a s i n  by us ing  maps o f  d i f f e r e n t  sca les .  I t  has been shown by Yang 
and S t a l l  (1971), however, t h a t  t he  values o f  b and q remain s t a b l e  even when 
they a r e  de r i ved  from maps o f  d i f f e r e n t  sca les.  
DRAINAGE AREA, Ad, SQUARE M I L E S  
Figure 24 .  Unit stream power as 
re la ted  t o  drainage area and flow 
frequency for the  upper Colorado 
River system 
By us ing  t he  constants  g i ven  i n  
t a b l e  7  f o r  t he  Colorado R i ve r  bas in  i t  
i s  p o s s i b l e  t o  w r i t e  equa t ion  15 t o  
express t he  un i t s t  ream power o f  the  
Colorado R i ve r  bas in  i n  terms o f  t h e  
f l o w  frequency F and the  dra inage area 
Ad. Figure  14. i s  a  g raph i ca l  presenta- 
t i o n  o f  t h i s  r e l a t i o n s h i p  f o r  the  
Colorado R i ve r  bas in .  F ive  l i n e s  a r e  
shown f o r  va lues o f  f l o w  frequency 
from F = 0.1 t o  F = 0.9. 
F i gu re  15 shows t he  hydrau l  i c  
geometry- -un i t  s t ream power r e l a t i o n -  
s h i p  f o r  9  p r i n c i p a l  r i v e r  systems o f  
the  U n i t e d  S ta tes .  The l i n e s  i n  
f i g u r e  15 were de r i ved  by use o f  equa- 
t i o n  15 and t he  var ious  cons tan ts  p ro -  
v ided  i n  t a b l e  7. The v e r t i c a l  pos i -  
t i o n  o f  the  l i n e s  ( f i g u r e  15) shows 
the  magnitude o f  the  u n i t  s t ream power. 
For  example the  uppermost p o r t i o n  o f  
the  graph i n d i c a t e s  a h i g h  u n i t  stream 
power f o r  t he  Colorado R i ve r  bas in .  
Because t he  Colorado R i ve r  bas in  i s  
s teep  t he re  i s  much p o t e n t i a l  energy 
ava i  1 a b l e  t o  the  s  tream sys tern t o  be 
spent  i n  a  r e l a t i v e l y  s h o r t  d i s t ance  
o r  t ime. The lowest  l i n e  i n  f i g u r e  15 
i s  f o r  the  Neches R i ve r  i n  Texas where 
t he  t o t a l  g r a d i e n t  o f  the  s t ream i s  
ve ry  low and t he  t o t a l  p o t e n t i a l  energy 
a v a i l a b l e  t o  t he  s t ream system i s  low. 
Consequently t he  u n i t  s t ream power i s  
low. F i gu re  15 i l l u s t r a t e s  t h a t  u n i t  
s t ream power decreases i n  t he  down- 
s t ream d i  r e c t i o n  o r  as the  dra inage 
area increases.  Such a  decrease i s  i n  
accord w i t h  t h e  p r i n c i p l e s  o f  the  law 
of  l e a s t  t ime  r a t e  o f  energy expendi-  
t u re .  Equat ion 15 and f i g u r e  15 p ro -  
v i d e  a  c o n f i r m a t i o n  o f  the  genera l  
concept o f  un i t s t  ream power. 
R I V E R  CURVATURE AND SHAPE 
A1 though t h i s  p a r t  o f  t he  research 
p r o j e c t  p rov i ded  nega t i ve  r e s u l t s ,  the  
r e s u l t s  a re  summarized he re  because o f  
t h e  seemi ng promise o f  these re1 a t  ions 
and t he  major  e f f o r t  expended i n  the  
a n a l y s i s .  
I n  an e l a b o r a t e  a n a l y s i s  and d i s -  
cuss i o n  o f  r i v e r  networks Rzhani t s yn  
(1960) p rov i ded  a  v a r i e t y  o f  in forma-  
t i o n  on t he  s t r u c t u r e  o f  s t ream ne t -  0.00001 
works i n  Russia. One o f  the r e l a t i o n s  loo 1000 16,000 
shown i n  t h a t  r e p o r t  was the  f a c t  t h a t  DRAINAGE AREA, A,,, SQUARE M I L E S  
r i v e r  c u r v a t u r e  i n  n a t u r a l  streams seem- 
ed t o  be r e l a t e d  t o  a  c ross - sec t i ona l  Figure 15. Unit stream power as 
shape f a c t o r  f o r  t he  s t ream and s t ream related t o  drainage area for median 
o rde r .  Because a1 1 t h r e e  o f  these flows, F = 0.5, for 9 stream systems 
f a c t o r s - - r i v e r  cu r va tu re ,  c ross - sec t i ona l  of the United States 
shape, and s t ream order- -have proven t o  
be impor tan t  i n  p a s t  s t u d i e s  o f  t he  
s t r u c t u r e  o f  s t ream networks,  and a l s o  a r e  impor tan t  i n  the  t o t a l  energy budget 
f o r  a  s t ream system, an e x p l o r a t i o n  was made o f  the  presence o f  such a  r e l a t i o n  
w i t h i n  a  s t ream network i n  I l l i n o i s .  Such a  s tudy requ i r ed  a  g r e a t  number o f  
measured cross sec t i ons  on a  stream. 
The I l l i n o i s  D i v i s i o n  o f  Waterways (1963) completed and pub l i shed  a  d e t a i l e d  
f i e l d  survey o f  the  Embarras R i ve r  i n  I l l i n o i s .  D e t a i l e d  v e r t i c a l  and h o r i z o n t a l  
c o n t r o l  was p rov i ded  by survey p a r t i e s  and t h i s  i n f o r m a t i o n  was used t o  p rov i de  
a  f l o o d  c o n t r o l  p l a n  f o r  the  Embarras R ive r .  The f i e l d  work necessary t o  c o l l e c t  
t h i s  i n f o r m a t i o n  was c a r r i e d  o u t  ove r  a  p e r i o d  o f  severa l  years .  
The Embarras R i ve r  f lows f rom c e n t r a l  l l l i n o i s  about 300 m i l e s  i n  t o t a l  
l eng th  southward and empties i n t o  the Wabash R iver  (see f i g u r e  8 ) .  Along t h i s  
reach data were assembled f o r  853 cross sec t ions  from the gaging s t a t i o n  a t  
S t .  Marie, near Newton, t o  the upstream end o f  the Embarras River .  For the  
channel sec t i on  o f  these cross sect ions the  e leva t i ons  and shapes were reduced 
t o  XY coordinates by the use o f  the I l l i n o i s  S ta te  Water Survey automatic graphic 
d i g i t i z i n g  machine, the a u t o - t r o l ,  i n  o rder  t o  p rov ide  complete in fo rmat ion  on 
the shape o f  every cross sec t ion .  
A1 so requ i red  was a  reasonable water sur face p r o f  i l e  throughout the en t  i r e  
length  o f  the  Embarras R iver  i n  o rder  t o  spec i f y  a  f low c o n d i t i o n  dur ing which 
the water l e v e l  o f  each cross sec t i on  could be compared w i t h  t h a t  i n  a l l  the 
o the r  cross sec t ions .  To prov ide t h i s  water sur face p r o f i l e  a  computer program 
was used as pub1 ished by E iche r t  (1966). This  program was a1 te red  t o  p rov ide  
f o r  the computation o f  f lows f o r  on l y  the wi th in- the-bank cond i t i on .  A f i e l d  
inspect ion  t r i p  was made t o  est imate the Manning roughness c o e f f i c i e n t s  which 
would seem s u i t a b l e  f o r  use along the r i v e r  bed. 
A water  sur face p r o f i l e  was computed from the S t .  Marie gage f o r  the  242 
m i  l es  upstream t o  the end o f  the  Embarras River .  This  p r o f i  l e  represented a  
median f low c o n d i t i o n  w i t h  a  frequency o f  F = 0.50 f o r  a l l  reaches o f  the r i v e r .  
Water l e v e l  data f o r  each cross sec t i on  were used t o  compute a  shape f a c t o r ,  . 
which i s  the maximum depth a t  any p o i n t  i n  the cross sec t i on  d i v ided  by the 
stream w id th .  
Extensive p l o t s  were made assoc ia t i ng  t h i s  shape f a c t o r  w i t h  the  r i v e r  
curva ture  ( t he  radius o f  the r i v e r  bend) and stream order .  The r e s u l t s  o f  t h i s  
e n t i r e  ana lys i s  were w ide ly  spread and showed no semblance o f  s t ruc tu re .  
D I S P E R S I O N  IN STREAMS 
When a  contaminant o r  dye i s  in t roduced i n t o  a  stream, i t  i s  immediately 
sub jec t  t o  the na tu ra l  process o f  d ispers ion  caused by the  d i f f e r e n t i a l  f low 
v e l o c i t i e s  which occur throughout a  cross sec t ion .  The r a t e  o f  t h i s  d ispers ion  
i s  a  func t i on  o f  the h y d r a u l i c  cond i t ions  i n  the stream which t o  some ex ten t  a re  
-pred ic tab le .  This  d ispers ion  phenomenon was made a  p a r t  o f  the research per- 
formed i n  t h i s  study because o f  i t s  importance i n  water resources p lann ing  and 
i t s  dependence upon h y d r a u l i c  f ac to rs  i n  a  stream. 
Fischer  (1968) prov ided an a u t h o r i t a t i v e  eva lua t i on  o f  the  occurrence o f  
d ispers ion  w i t h i n  a  stream. Results o f  h i s  s tud ies  were confirmed by dye s tud ies  
i n  a  h y d r a u l i c  l abo ra to ry  and i n  the Missour i  River  near Sioux C i t y ,  Iowa. Addi- 
t i o n a l  in fo rmat ion  on the a p p l i c a b i l i t y  o f  t h i s  procedure was g iven by Sooky 
(1969) who r e l a t e d  a  r i v e r ' s  abi  1 i t y  t o  d isperse a  contaminant t o  i t s  channel 
geome t r y  . 
I n  order  t o  c a l c u l a t e  the Fischer  d i spe rs ion  c o e f f i c i e n t ,  s p e c i f i c  informa- 
t i o n  on the depth and f low v e l o c i t y  w i t h i n  var ious pa r t s  o f  a  given cross sec- 
t i o n  had t o  be determined. The data used i n  t h i s  repo r t  were c o l l e c t e d  i n  the 
f i e l d  by personnel o f  the U.S.  Geo i c a l  Survey as a  p a r t  o f  t h e i r  regu lar  
cont inu ing  program o f  s t r & G f l o w  me2urement. Data f o r  t h i s  study were obta ined 
from 1 1  stream gaging s t a t i o n s  w i t h i n  the  Kaskaskia River basin ( t a b l e  8 ) .  For 
example, f i g u r e  16 gives in fo rmat ion  on stream depth and f low v e l o c i t y  f o r  the 
Kaskaskia River  a t  the Vandalia gaging s t a t i o n .  The discharge measurement was 
Table 8. Stream Gaging S t a t i o n s  on t he  Kaskaskia R i ve r  System 
f o r  Which D ispers ion  C o e f f i c i e n t s  Were Ca lcu la ted  
USGS 
i d e n t i f i c a t i o n  
n umbe r 
Dra i nage 
area 
Stream and l o c a t i o n  (sq m i )  
5-5900 Kaskaskia R i ve r  a t  Bondvi 1 l e  12.3 
Kaskaskia R i ve r  near Pesotum 
Kaskaskia R i v e r  a t  F i c k l  i n  
5-59 15 Asa Creek a t  S u l l i v a n  7 -53  
Kaskaskia R i ve r  a t  Shelbyv i  1 l e  1030 
Wolf  Creek near Beecher C i t y  4 8 
5-5925 Kaskaskia R i ve r  a t  Vandal i a  1980 
5-5930 Kaskaskia R i ve r  a t  C a r l y l e  2680 
5-5936 Blue Grass Creek near Raymond 17.2 
5-5940 Shoal Creek near Breese 760 
5-5950 Kaskaskia R i ve r  a t  New Athens 5220 
Figure 16. ExcmrpZe of Kver  cross sec- 
t ion  and ZocaZ f Zm veloci t ies  for the 
Kaskaskia River a t  VmdaZia used t o  
compute dispersion 
taken on September 16, 1965, a t  which 
time4 t he  d ischarge was Q = 1850 c f s ,  
a h i gh  f l o w  c o n d i t i o n  ( F  = 0.21). 
--- 
F igure  16 sho-thetTG i n  t he  
l o c a l  v e l o c i t y  a t  va r ious  p o i n t s  w i t h -  
i n  the  cross sec t i on .  The d i s p e r s i o n  
i s  a f u n c t i o n  o f  t he  d i f f e r e n c e s i n  ' 
these l o c a l  ve loc i , t i es .  
- 
The r e l a t i o n s  descr ibed  by Sooky 
(1969) were used t o  compute the  d i s -  
pe rs i on  c o e f f i c i e n t  as a dimensionless 
r a t i o  shown i n  f i g u r e  17. Th i s  ca lcu-  
l a t i o n  was made from data f o r  10 v a r i -  
ous d i scharge measurements recorded a t  
gage 5-5904 l oca ted  on the Kaskaski a 
R i ve r  near  Pesotum. I n  t h i s  f i g u r e  
the dimensionless d i spe rs i on  c o e f f i -  
c i e n t  i s  r e l a t e d  t o  t he  width-depth 
r a t i o  o f  the stream. D i s  F i s c h e r ' s  
d i s p e r s i o n  c o e f f i c i e n t ,  R i s  the  
hydrau l  i c radius, and U;! i s  the /shear 
v e l o c i t y .  The general  q u a l i t y  o f  the 
-- - 
r e l a t i o n s  between d i spe rs i on  c o e f f i -  
c i e n t  and w id th -dep th  r a t i o  f o r  a l l  o f  
the gage measurements f o r ,  wh i ch these 
c a l c u l a t i o n s  were made a re  e x e m p l i f i e d  
100 1 I I I I  I I l l 1  
1 0 5 0  1 0 0  
WIDTH-DEPTH RATIO 
Figure 17. Dispersion coefficient as 
related t o  width-depth ra t io  computed 
from 10 discharge measurements, 
Kaskaskia River near Pesotwn 
by f i g u r e  18. The closeness o f  the 
1 ines general  l y  lead the  authors  t o  
concl  ude t h a t  the  d i spe rs i on  c o e f f  i- 
c i e n t  i s  r e l a t e d  i n  a  c o n s i s t e n t  
manner t o  the w id th -dep th  r a t i o  i n  t he  
Kaskaskia R i v e r  bas in .  
The r e f o r e  these f i nd i  ngs have 
general  va lue  i n  t h a t  they p rov ide  a  
reasonable degree o f  p red i  c tab  i'l i t y  o f  
the  d i s p e r s i o n  c o e f f i c i e n t  i n  any natu- 
r a l  s t ream i n  I l l i n o i s  o r  any o t h e r  
stream system i n  the  Un i t ed  States f o r  
which s u f f i c i e n t  data a re  a v a i l a b l e  on 
the  depth and v e l o c i t y  w i t h i n  the  
channel.  
5 1 0  5 0  1 0 0  2 0 0  
WIDTH-DEPTH R A T I O ,  W/D, D IMENSIONLESS 
Figure 18. Dispersion coef f ic ient  as 
related t o  width-depth ra t io  a t  11 
stream gaging stations i n  the 
Kaskaskia River basin 
CONCLUSION 
The s tudy  descr ibed here  has r e s u l t e d  i n  t he  f o l l o w i n g  conc lus ions .  
1) U n i t  stream power i s  the  p roduc t  o f  t h e  v e l o c i t y  and s l ope  o f  t he  s t ream 
water .  A n a t u r a l  s t ream tends t o  m in im ize  i t s  u n i t  s t ream power, t h a t  
i s ,  i t s  t ime r a t e  o f  expend i tu re  o f  p o t e n t i a l  energy p e r  u n i t  we igh t  o f  
wa te r .  Th is  p r i n c i p l e  was developed i n  e a r l i e r  research as t he  law o f  
l e a s t  t ime r a t e  o f  energy expend i tu re .  
2) The concave shape o f  a  r i v e r  p r o f  i l e  i s  i n  accord w i t h  t h e  tendency o f  
a  stream t o  min imize i t s  u n i t  stream power. 
3) The fo rmat ion  o f  t he  r i  f f l e -and-poo l  sequence i n  a  s t ream bed i s  i n  
accord w i t h  t h e  tendency o f  a  s t ream t o  min im ize  I t s  u n i t  s t ream power. 
Th i s  theory  was conf i rmed by f i e l d  measurements on a reach o f  t h e  
Vermi 1 i on  R i ve r .  
4) The format  i o n  o f  r i v e r  meanders i s  i n  accord w i t h  t he  tendency o f  a  
s t ream t o  min imize i t s  u n i t  stream power. 
5) The s i n u o s i t y  o f  a  stream increases i n  a  downstream d i r e c t i o n ,  o r  w i t h  
i nc reas ing  s t ream o rde r .  Th i s  i s  i n  accord w i t h  t h e  tendency o f  a  
s t ream t o  min imize i t s  u n i t  stream power. 
6) For 9  s t ream systems i n  t h e  U n i t e d  S ta tes ,  r ep resen t i ng  a v a r i e t y  o f  
c o n d i t i o n s ,  h y d r a u l i c  geometry- -un i t  s t ream power equa t ions  were devel -  
oped from a c t u a l  phys i ca l  data.  These equat ions  p rov ide  an e v a l u a t i o n  
o f  t h e  amount o f  u n i t  s t ream power used by each r i v e r  i n  c a r v i n g  i t s  
channel . 
7) The 9 hydrau l  i c  geometry--uni t s t ream power equa t ions  show, f o r  a c t u a l  
r i v e r  systems, t h a t  t he  u n i t  s t  ream power decreases i n  t he  downst ream 
d i r e c t i o n .  Th i s  i s  i n  accord w i t h  t h e  tendency o f  a  stream t o  min imize 
i t s  u n i t  s t ream power. Th is  i s  a  c o n f i r m a t i o n  t h a t  these a c t u a l  stream 
systems do min imize t h e i r  r a t e  o f  energy expend i t u re  i n  t h e  severa l  ways 
descr ibed  t o  p rov ide  a r e s u l t a n t  stream system i n  accord w i t h  t he  law 
o f  l e a s t  t ime o f  energy expend i tu re .  
8) E f f o r t s  t o  p rov ide  r e l a t i o n s  between the  degree o f  r i v e r  cu rva tu re ,  
c ross -sec t i ona l  shape, and s t ream o rde r  were unsuccessfu l .  
9)  D ispers ion  o f  a  contaminant m a t e r i a l  i n  a  n a t u r a l  s t ream increases as 
the  w id th -dep th  r a t i o  o f  the s t ream increases.  
Usefulness o f  Resul t s  
Th is  research has p rov ided  an improved understanding o f  the na tu re  o f  stream 
systems. These eng inee r i ng  r e s u l t s  g i v e  a p a r t i a l  e v a l u a t i o n  o f  t he  complex 
energy system which governs the  o r d e r l y  development o f  a  s t  ream sys tem. The 
p r i n c i p l e s  o f  h y d r a u l i c  geometry seem t o  o f f e r  the  promise o f  f u r t h e r  broad and 
use fu l  g e n e r a l i z a t i o n  o f  data on streams. 
I n  d i scuss ing  eng inee r i ng  r e s u l t s ,  Weyeneth (1972) r epo r t s  on the  commentary 
o f  Faz lu r  R. Khan upon being named Const ruc t ion 's  Man o f  the Year: 
"I have come t o  r e a l i z e  t h a t  the h igher  purpose o f  engineer ing must be 
based on the s a t i s f a c t i o n  o f  c o n t r i b u t i n g  t o  the o v e r a l l  needs o f  the e n t i r e  
soc ie t y  by p rov id ing  choices and so lu t i ons  t h a t  can c rea te  b e t t e r  envi ronments 
f o r  l i v i n g  and working." 
The research on hydraul  i c  geometry and the low f l ow  regimen as described 
i n  t h i s  repo r t  has a general usefulness i n  understanding and p r e d i c t i n g  the 
behavior o f  streams. Theore t ica l  support i s  prov ided f o r  the concept t h a t  
stream behavior i s  governed by the s t r u c t u r e  o f  the p o t e n t i a l  energy budget o f  
the stream system. Extensive observat ions on ac tua l  na tu ra l  streams seem t o  
conf i rm the p r a c t i c a l  f i e l d  t r u t h  o f  these t h e o r e t i c a l  p r i n c i p l e s .  
As Khan has ca 1 l e d  f o r ,  these engineer ing research resul  t s  are presented 
as being usefu l  and c r e a t i v e  i n  the sense t h a t  b e t t e r  understanding o f  stream 
systems may a l l o w  b e t t e r  choices and so lu t i ons  t h a t  can u l t i m a t e l y  lead t o  a 
b e t t e r  environment f o r  man's l i v i n g  and working. 
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